BOUNDARIES FOR ALGEBRAS OF HOLOMORPHIC 
FUNCTIONS ON BANACH SPACES 
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Abstract. We study the relations between boundaries for algebras of holo- 
morphic functions on Banach spaces and complex convexity of their balls. In 
addition, we show that the Shilov boundary for algebras of holomorphic func- 
tions on an order continuous sequence space X is the unit sphere Sx if X is 
locally c-convex. In particular, it is shown that the unit sphere of the Orlicz- 
Lorentz sequence space A„ iUJ is the Shilov boundary for algebras of holomorphic 
functions on A y w if ip satisfies the <5 2 -condition. 



1. Introduction and preliminaries 

Let X be a complex Banach space and let Bx be the closed unit ball of X. 
We denote by H(Bx) the set of all holomorphic functions on the interior of Bx-, 
and by Cb(Bx) the Banach algebra of bounded continuous functions on Bx with 
the sup norm. 

Globevnik [9] defined and studied the following analogues of the classical disc 
algebra: 

A b (B x ) = {fe H(B X ) : / e C b (B x )} 

A U (B X ) = {/ G Ab(Bx) '■ f is uniformly continuous on B x } 

It is shown in [3] that A U (B X ) is a proper subset of Ab(B x ) if and only if X is 
an infinite dimensional Banach space. Then it is easy to see that both Ab(Bx) 
and A u {Bx) are Banach algebras when given the natural norm 

= sup{|/(z)| : x E B x }- 



Let K be a Hausdorff topological space and A a closed function algebra on K, 
that is, a closed subalgebra of Cb{K). A subset F of K is called a boundary for 
A if for all / £ A we have 

= sup|/(x)|. 



2000 Mathematics Subject Classification. 46E50, 46B20, 46B45. 

Key words and phrases, boundary for algebra, Shilov boundary, complex convexity, local 
uniform monotonicity, Banach sequence space. 

This work was supported by grant No. R01-2004-000-10055-0 from the Basic Research 
Program of the Korea Science & Engineering Foundation. 

The third named author is the corresponding author. 

1 



2 



YUN SUNG CHOI, KWANG HEE HAN, AND HAN JU LEE 



If the intersection of all closed boundaries for A is again a boundary for A, then 
it is called the Shilov boundary for A, denoted by OA. We recall that a function 
algebra A is said to be separating if (i) for two distinct points x, y in K, there 
is an element / G A such that f(x) ^ f(y) and (ii) for each t G K there is a 
/ G A such that /(£) ^ 0. A uniform algebra on a compact Hausdorff space K 
is a closed function algebra which contains constants and separates the points of 
K. 

Given a closed function algebra A on a metric space K, a set S C K is called 
a peak set for .4 if there exists f & A such that f(S) = 1, < 1 (x G K\S). 

A set S G K is called a strong peak set for .4 if there exists f & A such that 
/(S") = 1 and for every e > there exists 5 > with |/(x)| < 1 — 5 whenever 
dist(x, S) > e. If S consists of only one point p and if it is a peak set (resp. strong 
peak set) for A, then the point p is called a peaA; pomi (resp. strong peak point) 
for A 

The set of all peak points for A is called the Bishop boundary for A and 
denoted by pA. Note that if K is compact, then a peak point x & K for ^4 
is also a strong peak point for A, hence every closed boundary for A contains 
pA. Further, Bishop [U Theorem 1] showed that for any uniform algebra A on a 
compact metrizable space K, 

dA = pA. 

Given a convex set M C X, a point 1 6 Mis called a rea/ (resp. complex) 
extreme point of M if for every nonzero y G X, there is a real (resp. complex) 
number ( such that |£| < 1 and x + (y M. The set of all real (resp. complex) 
extreme points of M is denoted by Ext^(M) (resp. Extc(M)). Let A be a 
uniform algebra on a compact Hausdorff space K. Let ^4* be the dual Banach 
space of A and let SI be the intersection of the unit sphere S^* of A* with the 
hyperplane {x* G A* : x*(l) = 1}. The set \A = {x G K : ^ G i£rt] R (S' 1 )} is 
called the Choquet boundary for A 

It is well-known (see [T5| Theorem 9.7.2]) that if A is a uniform algebra on a 
compact metrizable space K, then 

(1.1) pA = X A. 

Given a convex compact subset K in a complex locally convex space i£, Aren- 
son p] considered the uniform algebra ViK) generated by the constants and 
restrictions to K of functions from E*, and showed that 

(1.2) XP{K) = Ext c (K). 
In particular, if K is metrizable, we have 

(1.3) pV(K) = X V(K) = Extc(K). 

On the other hand, it is shown in [9] that pAb(Bx) C Extc(Bx)- We also note 
that every closed boundary for a function algebra A must contain the set of all 
strong peak points for A. 
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When X is finite dimensional, we get the following observation from the above 
and P V(B X ) C pA b (B x ). 

Proposition 1.1. If X is finite dimensional, then 

P V{B X ) = xP{B x ) = Extc(B x ) = pA b (B x ), 

and 

dA b (B x ) = Ext c (B x ). 

The following two observations are easy. 

Proposition 1.2. Let X be a Banach space and suppose that the set of all strong 
peak points for A u (Bx) is dense in the unit sphere Sx- Then the unit sphere is 
the Shilov boundary for both A u (Bx) and Ab(Bx). 

Proposition 1.3. Let X be a Banach space and suppose that the unit sphere Sx 
is the Shilov boundary for A u (Bx). Then a subset F of Bx is a boundary for 
A U (B X ) if and only if it is a boundary for Ab(B x ). 

For each x G Bx, we call the set F(x) the face at x, which is defined by 

F(x) = < x + y : y G X, sup \\x + (y\\ < 1 > . 
I l^ 1 J 

Notice that x G Sx is a complex extreme point of Bx if and only if jF(x) = {x}. 
A Banach space X is said to be strictly c-convex if every point of Sx is a complex 
extreme point. 

By the maximum modulus theorem, we obtain the following 

Proposition 1.4. Let S be a peak set for Ab(Bx)- Then for each x G S , F(x) 
is contained in S. 

This shows that every peak point for Ab(Bx) is a complex extreme point of 
Bx, which is Theorem 4 in [10J. 

A point x G Sx is said to have a strong face if for each e > 0, there is 5(e) > 
such that if dist(^ r (x), y) > e, then 

sup \\x + e i9 (x - y)\\ > 1 + 5(e). 

0<6K2tt 

A Banach space X is said to be locally c-convexii it is strictly c-convex and every 
point of the unit sphere Sx has a strong face. The maximum modulus theorem 
shows that if two elements x, y in a Banach space satisfy sup 0<6K27r ||a;+e* 9 2/|| < M, 
then max{||x||, \\y\\} < M. 

Proposition 1.5. Suppose that X is a finite dimensional Banach space. Then 
every point of Sx has a strong face. 
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Proof. Suppose otherwise. Then there exist x E Sx, e > and a sequence {y n } 
in X such that dist(J 7 (x),y n ) > e for each n, but 

lim sup \\x + e ld {x — y n )|| = 1. 
n ^°° o<e<2ir 

So we get 

M := sup sup ||x + e l9 (x — y„) \\ < oo. 

neN O<0<2tt 

Hence sup n ||x — y n \\ < M. So we may assume that y n converges to y. Then 
dist(T(x),?/) > e. For each 9 EM., 

\\x + e ie {x-y)\\ < \\x + e i9 {x-y n )\\ + \\y n -y\\- 

This shows that 

sup ||x + e ld {x — y)|| < lim sup ||x + e* 9 (x — ?/„)!! = 1. 

0<6K2tt n O<0<2tt 

Therefore, y = x + (y — x) E J-{x), which contradicts dist(JF(x), y) > e. □ 
The modulus of complex convexity of a complex Banach space X is defined by 

Hx(e) = hif { sup \\x + e t6 y\\ — 1 : x E Sx, \\y\\ > e [• 

to<6»<27r J 

for each e > 0. A complex Banach space X is said to be uniformly c-convex if 
Hx{ e ) > for all e > 0. If X is uniformly c-convex, then every point in Sx has 
a strong face. A finite dimensional strictly c-convex space is uniformly c-convex. 

A sequence x = {x(k)} is said to be positive if x(k) > for each k E N. 
We define a partial order x > y if x — y is positive. The absolute value of x is 
defined to be \x\ = {\x(k)\}. A Banach sequence space (X, || • ||) is a Banach space 
consisting of sequences satisfying the following : if x is a sequence with \x\ < \y\ 
for some y E X, then x G X and ||x|| < A Banach sequence space is said to 
be order continuous if any sequence {x n } in X satisfying 

< Xi < x 2 < • • • < y for some positive y E X, 

is norm-convergent. The vector ej is defined to have 1 in the j-th component 
with all zeros in the other components. Note that if a Banach sequence space X 
is order continuous, then {e n } is a basis of X. 

It is known in [161 E] that a uniformly c-convex sequence space is order con- 
tinuous. 

A Banach sequence space X is said to be strictly monotone if for every pair 
y > x > with y ^ x, we have \\y\\ > \\x\\. Recall also that a Banach sequence 
space X is said to be lower (resp. upper) locally uniformly monotone if for any 
positive x E Sx and any < e < 1 (resp. e > 0) there is 5 = 8(e,x) > such 
that the condition < y < x (resp. y > 0) and \\y\\ > e implies 

||x — y\\ < 1 — S (resp. ||x + y\\ > 1 + 5). 
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A Banach sequence space X is said to be uniformly monotone if given e > 0, 
there is 5(e) > such that 

inf{|| \x\ + \y\ || : ||y|| > e,x G S x } >1 + S. 

A uniformly monotone Banach sequence space is both lower and upper locally 
uniformly monotone. 

It is shown in [HI Theorem 1] that a Banach sequence space is lower locally 
uniformly monotone if and only if it is strictly monotone and order continuous. 
It is also shown in [121 EEl EH] that a Banach sequence space is strictly (resp. 
uniformly) monotone if and only if it is strictly (resp. uniformly) c-convex. 

2. Boundaries of A u (B x ) and A b (B x ) 

Proposition 2.1. Suppose that X is a complex Banach space. Let F be a bound- 
ary for A u (Bx) and let P be a norm- one projection with a finite dimensional 
range Y . Then 

Ext c (B Y ) C PjF). 

Proof Suppose xo G Extc{BY)\P(F). Then there exists e > such that 
||P(x) — Xq|| > eo for every x G F. By Proposition 11.11 Xq IS ct strong peak 
point for the algebra A u (By), that is, there is a g G A u (By) such that g(xo) = 1 
and to every e > corresponds a 5(e) > satisfying 

\g(y)\<l-6(e), 

for all y G By with \\y — x Q \\ > e. Take / = g o P G A u (Bx)- Then f(xo) = 1 
and for every x G F we have 

\f(x)\ = \g(P(x))\<l-5(e ). 

This contradicts the fact that F is a boundary of A u (Bx)- □ 

Proposition 2.2. Suppose that X is a complex Banach space with the following 
properties: There is a collection {P a }a€A of projections P a with finite dimensional 
ranges Y a such that VJ a& A^ a is dense in X , and for each a G A 

sup ||P a + e ie (/-P a )|| < 1. 

0<6»<2tt 

Then a set F C B x is a boundary for A U (B X ) if 

Ext c (B Ya ) CPJF) 

for every a £ A. 

Proof. Suppose that F is not a boundary for A U (B X ). Then there are / G 
A U (B X ), ll/H = 1 and e > such that |/(x)| < 1 - e for every x G F. pA u (B Y ) 
is a boundary for A u (By) if Y is finite dimensional. Since U ae ABy a is dense in 
B x , it follows from Proposition 11.11 that 

11/11 = sup |/(sc)| = sup = sup \f(x)\. 

x&J a S Ya x£U a pA u (B Ya ) xeU a Ext c (B Ya ) 
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Hence there is a sequence {x n } such that 

x n E I \Extc(B Ya ), and lim \f(x n )\ = 1. 

N — n. 



Because / is continuous and Extc(B Ya ) C P a {F) for every a £ A, there is a 
sequence {«„} such that 

K}cl|P a (F), and lim l/MI = 1- 

a 

Each -u n has the form u n = P an z n where z n e F. Set v n = (I — P an )z n , and 
Zn — u n + ^n- By the uniform continuity of / there exists 5, < 5 < 1 such that 
if || a; i — X2\\x < ^ an d x±,x 2 G -Bx, then \f(xi) — f(x2)\ < e/2. Thus we get for 
every n£N, 

|/(«„ + (1 - 5)v n ) - f(u n + v n )\ < -. 

Further, since z n = u n + v n G F, we have \f(u n + v n )\ < 1 — e, and consequently 
for each n£N, 

(2.i) |/K + (i-5K)|<i-|. 

On the other hand, since 

||P Q „+e ie (/-P Q J||<l 
for every flel, the maximum modulus theorem shows that for every ( G C with 

lCi<i, 

U n +y^([(l-5)v n ] <1. 

By Lemma 1.4], there is C(e) < oo such that for each n e N, 

|/K + (1 - «J) Uft ) - /K)| < C7(e)(l - l/MI). 

Since lim n |/(tt n )| = 1, it follows that lim n |/(w n + (1 — S)v n )\ = 1, which 
contradicts (12.11) . □ 

Corollary 2.3. Suppose that X is a complex Banach space with a sequence {P n } 
of projections with the same properties as in Proposition \2.B. Then a set F C Bx 
is a boundary for A u (Bx) if and only if the closure of P n (F) contains Extc(BY n ) 
for every positive integer n. 

We remark that an order continuous Banach sequence space has the properties 
outlined in Proposition 12.21 

Corollary 2.4. Let X be an order continuous Banach sequence space. Let F C 
Sx o,nd let P n be a sequence of coordinate projections with finite dimensional 
range Y n such that every finite subset of N is contained in the support of some 
P„ . If Extc(By n ) C P n (F) for each n e N, then F is a boundary for A U (B X )- 

Corollary 12.41 extends Theorem 1.5 in [9]. 
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Proposition 2.5. Suppose that there is a family {Y a } ae A of finite dimensional 
subspaces of a Banach space X such that {J a By a is dense in Bx- Then the set 
F = U a Extc(BY a ) is a boundary for Ab[Bx) ■ 



3. Shilov Boundary for A U {B X ) and Ab{B x ) 

Proposition 3.1. Suppose that x e Sx has a strong face and T is a bounded 
operator of X into X with Tx = x and 

sup ||T + e if? (/-T)|| < 1. 

0<6»<2tt 

Then for each e > 0, there is 5(e) > such that whenever dist(F(xo), y) > e and 
y E B x , we get 

\W-Ty\\ >S(e). 
Proof. Suppose, on the contrary, that there is eo > such that 

inf{||x -Ty|| : dist(F(x ),y) > e , y e B x } = 0. 
Then there is a sequence {s n } in B x such that dist(F(x ), s n ) > e and 

lim Ts n = xo- 

71—+00 

Since x has a strong face, there are 5i > and 6 n e M such that for every n, we 
have 

||x + e ie "(s n -Xo)|| > l + 

So 

1 + 5i < \\x Q + e Wn {s n -x Q )\\ 

< ||Ts n + e*"(s n -a;o)|| + \\x -Ts n \\ 

< \\Ts n + e i6 "(I - T)s n )\\ + 2\\x - Ts n \\. 

This implies that 

l + <Ji < limsup||Ts„ + e ie "(/-T)s n )|| < 1, 

which is a contradiction. □ 

Proposition 3.2. Let X be a complex Banach space and let P be a projection of 
X onto a finite dimensional subspace Y such that 

sup \\P + e id (I - P)\\ < I. 
o<e<2w 

If xo e Extc(By) and xq has a strong face in X, then J-{xq) is a strong peak set 
forA u (B x ). 
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Proof. By Proposition ll.il xq is a strong peak point for Ab{By) since Y is finite 
dimensional. Hence there is a peak function g G Ab(By) such that g(x ) = 1 and 
for each e > there is 5(e) > such that for every ||xo — y\\ > e and y G By, we 
have 

\g(y)\<l-~5(e). 
By Proposition 13. II we get 5(e) > such that if dist(jF(xo), y) > e 

\\x -Py\\>5(e). 

Take f — go P. Then / G A U (B X ) and for each z G £>x with dist(jF(xo), > e, 
we have /(JF(x )) = 1 by the maximum modulus theorem and \ f(z)\ < 1— <5(<5(e)). 
This implies that T^xq) is a strong peak set for A u (Bx)- □ 

Every element x in the torus in cq has a strong face and hence is a 
strong peak set for A u (Bx). The following generalizes Theorem 1.9 in [9]. 

Proposition 3.3. Let X be a complex Banach space as in Proposition ^.^ Sup- 
pose that every point of U a Extc(By a ) has a strong face in X. Then F C Bx is 
a boundary for A u (Bx) if and only if dist(F, 5*) = for each strong peak set S 
for A u (Bx). 

Proof. The necessity is clear. Conversely, suppose that there is a subset F C 
B x such that dist(F, S) = for each strong peak set S for A U (B X )- We shall 
show that for each a the closure of P a {F) contains Extc{By a ). By applying 
Proposition 12.21 we get the desired result. 

Now, let xq G Ext<c(By a ). By Proposition 13.21 its face ^(^o) is a strong peak 
set for A u (Bx)- Hence dist(F, jF(xo)) = 0. Then there are sequences {xo + yk)k 
in JF(xo) and {zt}k in F such that 

(3.1) lim || (x + Vk) - z k \\ = 0. 

k— >oo 

Since xo + yu is in JF(xo) and ||P a || = 1, we have for each real 9, 

\\x + e i9 P a (y k )\\ < llxo + e'Vll < 1- 
Since x Q is a complex extreme point of By a , P a (yk) = 0, and so (13. ip shows that 
lim sup \\x - P a (z k )\\ < limsup||(a;o + y k ) - z k \\ =0. 

k— >oo fc— >oo 

Therefore Xq is in the closure of P a (F). □ 

In the proof of Proposition I3.3[ it is sufficient for F C Bx to be a boundary 
for A u (Bx) that dist(F, T{x)) = holds for every x G U a Extc(By a ). 

Corollary 3.4. Let X be a locally c-convex sequence space. Suppose that x G Sx 
is finitely supported. Then xq is a strong peak point for A u (Bx). In particular, 
if in addition, X is order continuous, then the set of all strong peak points for 
A U (B X ) is dense in Sx- 
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Proof. Suppose that Y = spanjei, . . . ,e n } contains x . Hence x is a complex 
extreme point of By- Let P : X — > Y be the projection defined by 

P(x(l), x(2), ...) = (x(l), x(2), . . . , z(n), 0, 0, . . .)• 

Clearly ||P + e* e '(J — P)|| < 1 for all By Proposition ^. 21 xq is a strong peak 

point for A U (B X )- Notice that if a Banach sequence space is order continuous, 
then the set of all finitely supported elements in X is dense in X. □ 

Proposition 11.21 and Corollary 13.41 show the following theorem. 

Theorem 3.5. Let X be an order continuous locally c-convex Banach space. 
Then Sx is the Shilov boundary for both A u (Bx) and Ab{Bx). 

By [HI [17] , every uniformly c-convex sequence space is order continuous. 

Proposition 3.6. A Banach sequence space X is upper locally uniformly mono- 
tone if and only if it is locally c-convex. 

Proof. Suppose X is locally c-convex. Then for each positive x G Sx and e > 
there is S = 5(x, e) > such that for all z G X with > e 

sup ||x + e id z\\ > 1 + 5. 

O<0<2n 

Hence we have for every y > with ||y|| > e, 

\\x + y\\ > inf < sup ||x + e l0 z\\ : \\z\\ > e > > 1 + S. 

[o<6»<2tt J 

So X is upper locally uniformly monotone. 

Conversely, suppose that X is upper locally uniformly monotone. If x, y G X, 
then by [7J Theorem 7.1], 



1 [ 27T 

sup \\x + e te y\\> — / \\x + e l0 y\\d9 > 

O<0<2tt 27T J 



A 2 + 2^l 2 



By Lemma 2.3 in [16], for every nonzero pair x, y in X, there exist 5± = 5i(\\x\\, \\y\\) > 
and z G X with < z < \y\ and \\z\\ > ||y||/2 such that the following holds: 

||(|x| 2 + |y| 2 ) 1/2 || > II \x\+5i\z\ \\. 
Hence for every x G Sx and e > 0, we get 

inf | Q | u P 2 \\ x + el6 y\\ : \\y\\ - e } - inf | II M + 1^1 II : II^H - ^Tf 5 ^ 1 ' "71^} ' 

Hence the upper local uniform monotonicity implies the local c-convexity. The 
proof is complete. □ 
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A function <p : M — > [0, oo] is said to be an Orlicz function if <p is even, convex 
continuous and vanishing only at zero. Let w = {w(n)} be a weight sequence ,that 
is, a non- increasing sequence of positive real numbers satisfying Y^m=i w ( n ) — °°- 
Given a sequence x, x* is the decreasing rearrangement of \x\. 

The Orlicz-Lorentz sequence space A V)t0 consists of all sequences x = {x(n)} 
such that for some A > 0, 

oo 

Q v {Xx) = J ^^ip(Xx*(n))w(n) < oo, 

n=l 

and equipped with the norm \\x\\ = inf{A > : g v (x/X) < 1}, X^ is a Banach 
space. We say an Orlicz function ip satisfies the condition <5 2 (<p G 62 ) if there 
exist il" > 0, Mo > such that <p(uo) > and the inequality 

(p(2u) < Kif{u) 

holds for u G [0, Mo]. 

It was proved in [SJ Corollary 4] that the Orlicz-Lorentz sequence space A^ 
is strictly monotone if and only if it is both upper and lower locally uniformly 
monotone. They also showed that the strict monotonicity of A^ is equivalent to 
the fact that cp G 8 2 . In this case, the Orlicz-Lorentz sequence space A^ is locally 
c-convex by Proposition 13.61 and order continuous by Theorem 2 and Corollary 4 
of [8]. If ip(u) = \u\ p for some 1 < p < 00 and if w = 1, then X^ w = £ p . Hence 
we obtain the following corollary by Theorem 13.51 which extends a result in [2]. 

Corollary 3.7. Given an Orlicz function tp G 5 2 and a weight sequence w, 

^(BJ = ^(V)=V 

4. Boundaries for A b (B x ) 

Recall that a Banach sequence space X is called rearrangement invariant if 
y G X and ||y|| = ||a;|| whenever y is a sequence with y* = x* for some x E X. Let 
X be a rearrangement invariant Banach sequence space. Given any finite subset 
M of natural numbers, let <fi : N — > N \ M be the order preserving bijection and 
let Pm be the isometry from {x G X : supp(x) fl M = 0} onto X given by 

00 

i=l 

where the sum is a formal series and supp(x) = {k G N : x{k) 7^ 0}. If supp(x) is 
finite, x is called a finite vector. Now assume that X has the following additional 
property: 

For each finite vector x G Bx, there exist e = e(x) > such that for all y G -Bx 
with supp(x) PI supp(y) = 0, 

(4.1) \\x + ey\\ < 1. 
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For each finite vector x G Sx, let r](x) > be the supremum of the set of all 
e > satisfying (|4.1|) . Observe that rj(x) < 1 and 

^F(x) D {x + T]{x)y : y G Bx, supp(x) fl supp(y) = 0}. 

If X is a rearrangement invariant Banach sequence space satisfying the property 
(14, ip and if x G Ext c (B F ), where F is the subspace spanned by a finite number 
of {ek}k, then for all y G X with x + y G F(x), we have 

supp(x) fl supp(y) = 0, and \\x + r)(x)y\\ < 1. 

Let S 1 C -Bx and let F be the subspace spanned by a finite number of {ek}k- 
Given x G B F we define 

S'(x) = {Psu PP (x)(y) : y e 5x, x + r](x)y G S, supp(a;) n supp(y) = 0}. 

Put, for each < e < 1, 

C(S,e) = sup{\f(0)\:feA b (B x ), \\f\\<l, \f(z)\ < 1 - e for all z G S}. 

Then S is called a 0-boundary for ^4 fe (i?x) if C^S*, e) < 1 for every e > 0. A family 
{5' 7 } 7g r of subsets of B x is called a uniform family of 0-boundaries for ^4 6 (5jf ) 
if sup 7gr C(S 7 ,e) < 1 for every e > 0. 

Theorem 4.1. Lei X be a rearrangement invariant Banach sequence space satis- 
fying property ( [^. 1\ ) and let V be a boundary for Ab(Bx) consisting of norm- one 
finite vectors. Assume also that S C Bx has the property that {S(x)} x£ y is a 
uniform family of 0-boundaries for Ab{Bx)- Then S is a boundary for Ab(Bx)- 

Proof. Suppose S is not a boundary for Ab(Bx)- Then there is / G Ab(Bx) with 
ll/H = 1 and < 5 < 1 such that \f(z)\ < 1 — 5 for all z G S. The assumption 
on V implies that there exists a sequence {x n }^L 1 in V such that 

lim |/(z n )| = l. 

n— »oo 

For each nGN, supp(x n ) is finite and there exists r)(x n ) > such that for every 
y G B x with supp(s n ) fl supp(y) = 

\\x n + ri(x n )y\\ < 1. 

Define n on £?x 

Then <p n G ^4&(-Bjf) an d ||0n|| < 1 f° r a ll n - Moreover, for each x G S(x n ) 
\(f) n (x)\ <l-5 and lim |0 n (O)| = 1, 

and this contradicts the assumption that {S(x)} x£ v is a uniform family of 0- 
boundaries for Ab(B x ). □ 

We shall use the following two lemmas which are proved in [9]. 
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Lemma 4.2. [9] Let < r < 1 and assume {5* 7 } 7g r is a family of subsets of Bx 
such that S y fl rB x ^ for each 7 G Y . Then {S 7 } 7gr is a uniform family of 
O-boundaries for Ab{Bx). 

Lemma 4.3. [9] Let 9q > and let {Sy} lE i< be a family of subsets of Bx with the 
following property: for each 7 G T there is some x 7 G 5 7 such that e x 7 G S" 7 /or 
every |6*| < 9 . Then {S 7 } 7gr is a uniform family of O-boundaries for Ab(B x )- 

Theorem 14.11 and Lemma 14.21 show the following corollary. 

Corollary 4.4. Let X be a rearrangement invariant Banach sequence space sat- 
isfying property \4-l\j and let V be a boundary for AbiBx) consisting of norm- one 
finite vectors. Assume that S C B x and that there is < r < 1 such that for 
each x G V there exists y G X such that 

\\y\\ < t , supp(x) n supp(y) = and x + r)(x)y G S. 

Then S is a boundary for Ab{Bx)- 

By Theorem 14.11 and Lemma 14.31 we get the following corollary. 

Corollary 4.5. Let X be a rearrangement invariant Banach sequence space sat- 
isfying property ( [^.Ip and let V be a boundary for Ab(Bx) consisting of norm-one 
finite vectors. Assume that S C Bx and assume that there is 60 > such that 
for each x G V there exists y G Bx such that 

supp(x) R supp(y) = and x + 7](x)e l6 y G S for all \9\ < 9q. 

Then S is a boundary for Ab(B x )- 

Example 4.6. Assume that ip = {ip(n)} is an strictly increasing sequence with 
■0(0) = 0, ip(n) > for n G N. The Marcinkiewicz sequence space consists of 
all sequences x = {x{n)} such that 

||x|| m/ = sup — < 00. 

neN W(n) 

Let m% be the closed subspace of m^, equipped with the same norm || ■ || OT , 
consisting of all x G satisfying 

Without loss of generality we can add (and we will) in the above definition the 
assumption that the sequence {^^-}%Li is decreasing [13]. Notice that if ip(n) = 
n, then = and m" = Co, and if lim„0(n) < 00, then m° = {0}. 

It is shown in [H] that if lim n ip(n) = 00, then for each x G B m o , there 
exist n G N and e > such that \\x + Xy\\ < 1 for all y G B mi> with y = 
(0, • • • ,0, y(n + 1), y(n + 2), • • • ) and all A with |A| < e. Now it is easy to see that 
m° satisfies ( 14.11) because is a rearrangement invariant sequence space. 
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